35

boring

number of teeth, N, = 2
corner radius, r,=0
lead angle, y; = 15°
back rake angle, % =0
siderakeangle, ¥=0

feed rate, f, = 0.40 mm/rev

spindle speed, ns =600 rpm

initial workpiece diameter, D,, = 96 mm

tool diameter, D; = 100 mm

spindle-work axis offset (mag), &, = 1.0 mm
spindle-work axis offset (dir), d,, = 210°

e gpecific cutting and thrust energy models

b)

0)

The axis offset causes the depth of cut to vary with tooth angle about the nominal depth of cut. The
nominal depth of cutis
D, - D

nom —
2

d

Substituting known values, the nominal depth of cut (in mm) is
_100-96 _

O === 2.

The minimum and maximum are dyom ¥ &y and occur at &, and &, — 180°, respectively. Substituting
known values, the final result (in mm) is

Orin = Gnom — €wo =2-1={1at 65, =210°|  and  dy = Apom + & = 2+1=| &t Gy, =30°).
The minimum and maximum tooth-local forces (cutting and thrust) occur at d.,, and dny, respectively.
The cutting force acting on atooth at angle 6; is

Fc(6)=uc(6)fd(G).
The feed per tooth (in mm/t) is the feed per revolution (in mm/rev) divided by the number of teeth:
f,= T = 04 =0.2.
N, 2

The specific energy requires the uncut chip thickness and normal rake angle. The normal rake angle for
this “neutral rake” case (= % = 0) is, by inspection, zero. Since the corner radius is zero, the uncut chip
thicknessis simply

h= f, cosy, .
Substituting known val ues, the specific cutting energy (in N/mm?) is
Ue(6;) = Ue = 2000 (0.2cos(15°) ) **° &7+ = 3018,
Therefore, the final result (in N) is
Fe (Bnin ) = Uc fid (Brin, ) = 3018(0.2)(1) = |603.6 a 6. =0,

=210°

mind

and

Fe (6 :

e ) = Ug T (6, )=3018(0.2)(3) = [1811 2 ey, = O, = 30°

Based on the geometry of two offset circles, show that the exact solution for the depth of cut as a func-
tion of tooth angle 6 is The tool and workpiece are represented by circles with the tool being centered
on the x-y coordinate frame and the workpiece centered at coordinates (Xue, Yuc) = (ExcCOSOnor EnoSiNOng)-
Given the distance from the origin to the tip of atooth, r,(8), and the distance from the origin to the work-
piece circle at that same angler,(6), the depth of cut is

d(@) =r.(0)-r,(0).



For the case of work-spindle offset, ry(0) = R, for al & (actualy only relevant at each tooth). The work-
piece counterpart (r,(6)) is found using the equation of the workpiece circle

(% = Xae)® + (Y = Ye)* = Rus
where (X, Yw) isapoint on the workpiece circle. Expanding yields
2

(07 = 2%+ X" )+ (Yo = 2YacYou + Yae” ) = R
rearranging yields
(07 + Yar® )= 206X+ Ve Yo) + (K’ + Yao” )~ Rus” =0
It isaso known that al points on the workpiece circle satisfy
X, =t,cosf, y, =r,sin6, and x,2+vy,” =r,°,
wherer,, is shorthand for r,(#). Substituting for X, yi and x,” + y,,* yields
F? = 26, (X COSO + y\,vcsiné?)+(x\,vc2 +Yueo)=Ru’ =0.
Furthermore, Xuo’ + Yuo> = &wo’» SO this becomes
M = 20y (X COSO + Yy NG )+ £,0> —R,,> =0.

Thisisaquadraticin ry, the solution of whichis

. . 2 2 2 1/2
2 (X, COSO + ywcsne)i[4(>g,vccos¢9+ Yoe SING) —4(€W0 -R, )}
r =

W 2

1/2

= (X COSO + Yire sine)i[(ch C0S + Yo SiNO) —(gwoz -R,’ )]
To get thisin terms of only the runout parameter &,, and 4., rather than x,,. and y,, the substitution
Xue = Ewp COSOye  AND Yy = Eyp SINOy,

ismade. Thisresultsin the presence of the term &,,(C0S8,,C0SH + SiNd,eSiNG), Which can be replaced by
the trigonometric identity

Euo [C0S8, COSO +SINS, SINO | = £, COS(8yo —6) = £, COS(6 — b, ) -

After simplifying, theresult is

2 2 2 2 12
N = Ewo c;os(SWO—6’)i|:g\,vO cos (5WO—9)—(8WO -R,, )]

= £ 005(8,0 ~0) | €1’ (0057 (040 —0)~1)+ R, ]112
"M aking the trigonometric substitution
0S” (8o —0)—1=—5N* (3,0 — 0)
resultsin
Fy = Egp COS(Sy — e)i[RW2 — Eo” SN (e —9)]1/2 .

Factoring out &, replacing 8 with 6, for tooth i, using the ‘+’ of the ‘+’,and subtracting from R, yields
the depth of cut result being sought:

d@)=R-r,=R —&,, {cos(SW0 -6, )+[(RW/€W0)2 —Sin* (8,0 — 0 )]1/2}.

" Continue from here in alternate solution below.



d)

The form of this result highlights large terms, in particular (Ry/&w)?. Finding the “small” terms to
ignore is facilitated by dividing the term in braces by R,/ to obtain

d(@):a—m{(em/mcos(sm—ei)+[1—<ewo/r<”)2s=:n2(6m—ei )]”2} -

While the term g,0/R,, is small, setting it to zero would trivialize the solution to d(8) = R — R,. Thisis
not sensible since runout is a small-term phenomena. However, if /Ry is small, then (Ry/&w)? is very
small, and that is what makes sense to ignore for simplification purposes. Doing so resultsin

d(6) =R — R, — &40 C0S(8,0 — 6, ) =

Another approach to the problem is to employ the Law of Co-
sinesto the triangle shown to theright. The Law of Cosinesyields

dnom ~—Ewo COS(5W0 _ei )| .

M’ + Ewo” = 2o COS(Gyo —0) = R,

Bringing R,” to the left-hand side provides a quadratic in r,, the so-
lution of whichis
1/2
26,40 COS(8,0 —0) £ [4€W02 o (8o —9)—4(€W02 -R,/ )]
r =

W 2

= E40 COS(J,y —g)i[gwoz cos? (8, _9)_(3\,\;02 R ):|1/2
12

= £y COS(S e —H)J_r[.swoz (cos® (80— 6)-1)+ RNZ]

Continue as above from the footnoted point. The Law of Cosines al-
lows skipping the steps involved with representing the center of the
workpiece circle in Cartesian coordinates.

Graph the x- and y-force components F, and F, (in N) as functions of spindle angle 65 where, by conven-
tion, the angle of tooth oneis 0; = 0. The cutting and thrust force components are

3

where uc was found earlier to be 3018 N/mm? and uy (in N/mm?) is
Uy =750 (0.2co5(15%) ) *° e 1259 =1707 .
The x- and y-force components require the tangential and radial force components, which are
Fran(@) =Fc(6) =uc fd(6) and  Fpyq(8)=Fr(6)sn(¥(6))=u f,d(6)cos(w(8)).

where the equivalent lead angle, for this case of zero corner radius, simply equals the lead angle y;. Sub-
gtituting known values, the result (in N for d(6,) inmm) is

Fran(6;) =3018(0.2)d(6,) =603.6d(6,) and Fgr,y(6)=1707(0.2)d(6,)sin(15°) =88.4d(6,) .
The eguations for the x- and y-force components are then
Fe(6) = Fran (6)SiN6, — Fryy (6)cosé and  Fy(6) = —Fra (6) c0SO, — Fryy (6)SiNG,
or
F.(6) = (603.6sin6, —88.4cos6, )d(6) and F,(6)=(-603.6cos6, —88.4sin6, )d(6) .
The total forces on the cutter are the sum of those acting on the two teeth, i.e.,
F=F+F, ad F=F, +F,, where 6 =6, and 6, =6,+180°.

Implementing these in a spreadsheet along with the equation for d(8)) and graphing yields the result be-
low.
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€) As the corner radius is increased (e.g., from the assumed value of zero above), rJd increases for any
depth of cut. Likewise, equivalent lead angle increases and average uncut chip thickness decreases. De-
creasing average uncut chip thickness, through the size effect, causes all the forces to increase. Increas-
ing equivalent lead angle causes the depth-direction force (Frog here) to increase. Therefore, since all
effects are to increase the radial force, the radial force will increase. However, the tangential force also
increases from the change in average uncut chip thickness. As aresult, it is difficult to say the what the
net effect will be on F, and F, given the angle dependence on how these changes in Fgrag and Fran, NOt to
mention one two teeth, will affect the total forces. The plots below provide a graphical assessment of the
effect.
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f)  Even with the runout, since it is not so large that the depth of cut becomes zero at some angles, the ma-
chined diameter is simply that of the tool, or 100 mm.




4.1

face milling

number of teeth, N, =8
corner radius, r,= 1.0mm
lead angle, y; = 0°

back rake angle, % =0
siderakeangle, ¥=0

tool diameter, D; = 700 mm

feed rate, f, = 1.6 mm/rev

depth of cut, d = 1.0 mm

spindle speed, ns =600 rpm

workpiece width, W,, = 400 mm
workpiece offset in y-direction, €= 75 mm
specific cutting and thrust energy models

a)

b)

0)

The angle associated with a point lying on the circle representing the tool is
6, =snt| L2 | e=enex,
R

They coordinate corresponding to the entry and exit pointsis

ST
yo_ 2 ’

where the top sign (-) isfor tooth entry and the bottom sign (+) isfor exit. Therefore, substituting known
values, the results (in mm) are

Ver =_(ﬂ20_75J=_125 and y,, =(%+75)= 275.

Calculating the associated angles yields the final result (in deg) to be

een:sinl( ~125 ): and Hexzsinl( 275 ):.

700/2 700/2

The tooth spacing Aé; is simply 360° divided by the number of teeth, or 360°/8 = 45°. If the total angle
of engagement, O — Gen, IS less than the tooth spacing, there will never be more than one tooth engaged
at any point in time. Furthermore, if the angle of engagement falls between the tooth spacing and two
times then tooth spacing, then at al times there will be either one or two teeth engaged. This carieson to
the general relation that the minimum and maximum number of teeth engaged at any timeis

[0, -6 6., -6
N, =cel| & & and N, =floor| =& |

t t

where the “ceil” and “floor” functions round the argument up and down, respectively, to an integer (note
that when the argument is an integer, the ciel and floor functions return the same value, the integer argu-
ment). Substituting know values,
52°—(-21° .
% =162—> N, =cel(1.62)=2 and N,  =floor(1.62)=1.
Therefore, single-tooth cutting does occur in this case for some period of time, i.e., the answer is not
Zero.

When tooth i is entering the cut, its angle is 6, = 6., = —21° and the angle of the tooth it is following,
tooth i+1, is 0,1 = O + 45° = 24°. When tooth i+1 reaches the exit point at 6.1 = G = 52°, 6, = O —
45° = 7°. Tooth i will then cut by itself from 7° until the tooth before it (tooth i—1) enters the cut, at
which point 6, = 24°. Therefore, the range over which a single tooth (tooth i thisillustration) is cutting is
from 7° to 24° or 17°.

For a corner-radiused tool asis the case here, the average uncut chip thickness is the chip area divided by
the equivalent width of cut, which is the length of the cutting tooth profile that is engaged with the work-
piece. The chip areaasafunction of angleis



d)

a(6) = (f,c0s6)d .

The width of cut is simplified in this case since the corner radius equals the depth of cut and the lead an-
gleis zero, so that by inspection the depth of cut equals the transition depth of cut. Therefore, noting that

the feed per tooth isf, = f,/N,,
W) = [g—va +s4:n‘1[—f‘ 0% ﬂ .

£

Substituting known values, the result (in mm) as afunction of angleis

wg) =| Z—o+snt[ LEEDSE Ny o) | Z s snt (0.9 c0s6,) |-
2 2(1.0) 2
Substituting the values of 8¢, and 6, from above, the final results are

R ((1.6/8)cos(-21°))(1.0)

_ -[0.112
%+ sin™((0.1) cos(-21%))
and
oo ((1.6/8) cos(52°))(L.0) 6.

% +sin™((0.1) cos(52°))

Fu's method is equivalent to connecting the tip of the tool (not the intersection of the two profiles at the
cusp as for Colwell’s method) to the intersection of the tooth profile with the un-machined surface. By
inspection, for this special case as noted above, the equivalent lead angle will be 45°. As such, Fry(6) =
FLon(ei)-




