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Cha rge Deter minat ion for SpeciÞed Shape Coulo mb
Force V ir tual Str uctur es

Gordon Parker! and Lyon King!

Mi chigan Technological University, Houghton, MI , 49931, USA

Hanspeter Schaub 

Vir ginia Tech, Blacksburg, VA, 24061, USA

Th e fo cus of this pap er is the generat ion of high Eart h orb it (H EO) Co ulom b force
struct ures. These stru ctures are charact eri zed by a set of charge carrying no des, bu t no in-
terconn ecting stru ts. By corr ectl y sett ing the no de charges, th e in t er-n ode Co ulom b for ces
create a static, cry sta l -l ik e structu re. T he un iq ueness of the work is th e exam ination of
how to form speci Þed shap e stru ctures usi ng a subset of al l avail able no des. I n addition, the
plasma shielding e!ect is con sider ed expli citly . An equi later al t ri angl e stru cture examp le
is giv en t o i llustra te th e approac h where 5 nodes are used in the str uctu re, 3 of whic h used
to sati sfy th e equilateral trian gle shap e goal . The example also i llustrat es th at pra ct ical
Co ulom b stru ctur es should have in ter -n ode separ atio n dist ances in th e 10s of meters ran ge
or less.

I. In tr oducti on

Coulomb force str uctures are a relat ively new concept consist ing of several electrostatically chargeable
nodes with no interconnect ing str uts. Instead, the node charges are carefully controlled so that the net
structure is held together solely by the Coulomb forcesgeneratedbetween all the nodes. This Ôvirtual struc-
tureÕcan also be considered as a free-ßying, constant-shape formation of several spacecraft. Advantages of
Coulomb force vir tual str uctures include low mass, low propellant usage,reconÞgurabilit y, and self-assembly.
Large virt ual st ructur es on the order or 20Ð100meters are envisioned where control led elect rostatic force
Þelds are usedto bond the individual craft into a single structure. By changing control laws, it will be pos-
sible to increaseor decrease the sti!nes s or ßexibil it y of sub-components, or even changethe size and shape
of the overall structure. This will allow for highly reconÞgurable structures which can adapt to changing
mission needs.Disadvantagesalso exist including control system complexit y, restriction to high Earth orbit s
(HEO) and deepspace missionsdue to chargeshielding at lower orbit s, and ensuring that the chargednodes
are electrically isolated to minimize di!e rent ial charge e! ects.

The earliest work in this area examined symmetric structureswhereone node had a conventional propul-
sion system.4,8–10 This allowed the other nodes to react against a body that was maintaining a constant
orbit. The report in Reference10, using data from the SCATHA11 and ATS6 missions, showed that 10µN -
1000µN level forces could be generatedbetween nodes. In additi on, charging ti meswere estimated to be in
the mill esecond range, and the Coulomb Ôthr ustÕpropulsion system power consumption was lower than for
conventional propulsion methods. More recent work has examined the necessary conditi ons for static equi-
lib rium whereall nodes are held together by Coulomb forcesalone.12,13 Multip le node, free-ßying str uctures
were considered in detail for 2 and 3 node cases.1 Thi s was followed by consideration of larger str uctures
using a genetic algorith m optimization strategy to Þnd static shapes for up to 9 nodes2 where the plasma
shielding e!ec t, characterized by the Debye length, was considered negligible.

The remainder of th is paperÕscontent is as follows. The Coulomb structureÕsorbital dynamic and static
equilibr ium equations are given in Section I I, in additi on to a convenient normalized form suitable for charge
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calculation independent of several physical parameters. Section I I I ill ustrates the optimization approach
used for computin g node charges, with an example provided in Section IV . A few concluding remarks are
given in Section V.

I I. N ormal ized Vi r t ual St ruct ur e Mo del

Before examining the virt ual structure equilibrium charge equations, the Coulomb charge, voltage and
force relationships should be discussed. ItÕswell known that Coulomb forcesexist between charged bodies.
Considering the two charged spheresof Figure 1 the Coulomb force magnitu de acting on body 1, directed
along the line between the spheres, is

f12 =
kcq1q2

d2
(1)

where kc is CoulombÕs constant (8.99! 109 N m 2

C 2 ), q1 and q2 are the node chargesin Coulombs and d is the
distance betweenthe center of the spherical nodes in meters.
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Figu re 1. Cou lom b fo r ces b et ween t wo
sph er es.

An important deviation from the ideal Coulomb forcemodel
of Eq. 1 occurs when considering charged bodies in a plasma-
rich environment, as found in space. In short, the plasma
shields the Coulomb force e!ec t exponent ially with the sep-
aration distance as shown in Eq. 2. The exponenti al decay of
the Coulomb force is characterized by the Debye length, λd,
which varies with plasma characteristics.3 In general, the De-
bye length is small at LEO and large at HEO (roughly 10 cm
and 100 m respectively).

f12 =
kcq1q2

d2
e! d/! d (2)

When nodes are more than 2 Debye length apart, then
their Coulomb force interaction becomes negligible for realist ic

charge scenarios. Thi s generally negative feature is not with out potenti al applications. Debye shielding
decoupling between subsets of the structure may simplify eventual control design. Finally, it should be
noted that the chargescan be converted to voltagesfor the ith node, which may give more practical insight,
according to

Vi =
qi kc

rn
(3)

where rn is the node radius and the nodesare assumed to be spherical.
Next, Hill Õsequations7 (also known asthe Clohessy-Wiltshir e equations,5) are used to generatethe static

equilibr ium equations for the Coulomb vir tual st ructure. The standard equations are in terms of several
physical parameters (separation distances, charges, node radii, etc.). A normalized form of the Coulomb
structure equations is created to reduce the number of parameters, thus allowing families of solutions to be
created from a single normalized equation solution.

Consider N vir tual structure nodessuch that their center of massis in a circular orbit about the Earth,
such as the 3-node example of Figure 2. The Hill coordinate frame has its origin at the st ructureÕs center
of mass with the öi unit vector pointing radially outward from the center of the Earth. The öj axis is in
the direct ion of the center of mass velocity vector . Each node, numbered 1 through N , is assumed to be a
homogeneouslycharged sphere. In general,the ith node has its own charge, qi , and a relative position vector
from the origin of the Hill frame to the center of the node, denoted pi . Each position vector has elements
xi , yi and zi .

Setting the speed and acceleration terms in HillÕsequations to zero, and applying the Coulomb forces to
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the right side, yields the Coulomb structure equilib rium equations

" 3n2xi =
kc

m

N∑

j =1

xi " xj

|pi " pj |3
qi qj e

!| p i ! p j |/! d

0 =
kc

m

N∑

j =1

yi " yj

|pi " pj |3
qi qj e

!| p i ! p j |/! d i #= j

n2zi =
kc

m

N∑

j =1

zi " zj

|pi " pj |3
qi qj e

!| p i ! p j |/! d

(4)

wheren is the Hil l frame angular velocity, and m is the mass of a node where all nodesare assumedto have
the same sizeand mass.
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Figu re 2. Three v i rtual st ru cture
no des orbit in g th e Ear th i llus-
tr at in g t he notat ion used in t he
mo del develop men t.

To start the nondimensionalization process, divi de both sides of Eq. 4
by n2 and rearrange

" 3xi =
N∑

j =1

xi " xj

|pi " pj |3

(
rn

n
$

mkc
Vi

) (
rn

n
$

mkc
Vj

)
e!| p i ! p j |/! d

0 =
N∑

j =1

yi " yj

|pi " pj |3

(
rn

n
$

mkc
Vi

) (
rn

n
$

mkc
Vj

)
e!| p i ! p j |/! d

zi =
N∑

j =1

zi " zj

|pi " pj |3

(
rn

n
$

mkc
Vi

) (
rn

n
$

mkc
Vj

)
e!| p i ! p j |/! d

(5)

whereEq. 3 hasbeen used to convert the inputs from charges to voltages.
Next, deÞne nondimensional position coordinates as

÷xi =
xi

Mλd

÷yi =
yi

Mλd

÷zi =
zi

Mλd

(6)

whereM is thenumber of Debye lengths, and deÞnes the characteristic length usedfor nondimensionalization.
For example, to nondimensionalize using 1.5 Debye lengths, let M = 1.5. Applying this to Eq. 5 yields the
Þnal set of nondimensional, stat ic equilibr ium, Coulomb structure equations of Eq. 7.

" 3÷xi =
N∑

j =1

÷xi " ÷xj

| ÷pi " ÷pj |3
÷Vi ÷Vj e

! M | ÷p i ! ÷p j |

0 =
N∑

j =1

÷yi " ÷yj

| ÷pi " ÷pj |3
÷Vi ÷Vj e

! M | ÷p i ! ÷p j |

÷zi =
N∑

j =1

÷zi " ÷zj

| ÷pi " ÷pj |3
÷Vi ÷Vj e

! M | ÷p i ! ÷p j |

(7)

where ÷pi = [÷xi ÷yi ÷zi ]
T and

÷Vi =
rs/c

n
√

m (Mλd)3 kc

Vi (8)

Finding a charge/p osition set (i .e. ÷pi , ÷Vi , i = 1 . . . N ) that satisÞesEq. 7 for a speciÞedDebye length
fract ion (M ) yields a family of Coulomb force structures for any altitu de (or circular orbit speed n), node
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radius (rn ), node mass(m) and plasma Debye length (λd). The Hil l frame angular velocity, n, can be found
from circular orbit analysis

n =

√
µ

r3
(9)

where µ is the standard gravit ational parameter for Earth (µ % 3.986! 1014 m 3

s2 ) and r is the circular orbit
radius. Al though n can be readily computed from Eq. 9, Table 1 shows thesevalues for various r as a quick
referencealong with estimates of the alti tude dependent Debye lengths.

Alti tude (km) Radius (m) Period (hr) Speed(m/s ) n (rad/s ) Appx. λd (m)
300 6.68! 106 1.51 7720 116! 10! 5 0.01-0.03
500 6.88! 106 1.58 7610 111! 10! 5 0.01-0.03
2000 8.38! 106 2.12 6900 82.3 ! 10! 5 0.03-0.26
10000 16.4 ! 106 5.81 4930 30.1 ! 10! 5 0.03-0.26
35800 42.2 ! 106 24.0 3070 7.28! 10! 5 75-575

Tab le 1. Sp eed in for m ati on as a fun cti on of circ u la r orbit al tit ude.

I I I. No de Char ge Cal culat ion

In general, a desired Coulomb str ucture shape cannot be realized with the minimum number of nodes
neededto create a conventi onal tru ss structure. For example, to create a box in a circular orbit with one
plane always orthogonal to the Earth radial directi on, a minimum of 8 nodes is required for a conventional
structure. If in addition its principal inerti a axes are orientated with its Hill frame axes, it will maintain
th is orientation during it s orbit (neglecting pertur bationsdue to aerodynamic forces, J2 gravitation al e!e cts,
solar radiation, etc.). Due to the force interaction between all the nodes of a Coulomb force structure, in
general, it is not possible to form a str ucture with the minimum number of nodes. Additional nodes are
required to ensure that stati c equil ibr ium is achieved when simult aneously considering the Coulomb and
gravitation al forces.

The approach described below assumes that a Þxed number of node assets are available for creating the
structure that is larger than theminimum number neededto create a conventional st ructure. An optimization
process is then used to compute the charge/p osition set for all the nodes that solves Eq. 7 while ensuring
that the shape is attained by the minimum number of nodes needed to form the conventional strucutur e. It
should be noted that an analytical method for determining the minimum number of Coulomb nodes given a
speciÞedshape doesnot exist as yet.

The useof an optimization code to select design parameters, in thi s case node chargesand locations, is
nothing new. The interesting aspect of the implementati on is the cost function where shape and equilibr ium
equation const raints are imposed as penalty terms. The cost function used in this study, and that gives
reliable convergenceto a solution when using a gradient based optimization scheme, is shown in Eq. 10

J =




max

∣∣∣ ÷Vi

∣∣∣

min
∣∣∣ ÷Vi

∣∣∣




N∑

i =1

∣∣∣ ÷R i

∣∣∣ + w1S( ÷pi , L p ) + w2

{
|Ixy | + |Ixz | + |Iyz |

}
(10)

where w1 and w2 are weighting coe" cients that shift emphasisbetween the three main terms of J . The Ri

are the residuals corresponding to inexact solution to Eq. 7 and are given by

÷R i =





3÷xi +
∑N

j =1
x̃ i ! x̃ j

| ÷p i ! ÷p j |3
÷Vi ÷Vj e! M | ÷p i ! ÷p j |

∑N
j =1

ỹ i ! ỹ j

| ÷p i ! ÷p j |3
÷Vi ÷Vj e! M | ÷p i ! ÷p j |

" ÷zi +
∑N

j =1
z̃i ! z̃j

| ÷p i ! ÷p j |3
÷Vi ÷Vj e! M | ÷p i ! ÷p j |



 (11)

The positive, scalar function S is zero only when the desired shape is attain ed. It is in general a function
of the relative position vectors, and a set of shape deÞning parameters contained in L p. Ixy , Ixz , and Iyz
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are the products of inertia of the str ucture, and are a function of the ÷pi . The Þrst term of Eq. 10 penalizes
any conÞguration that does not satisfy the fundamental Coulomb str ucture, static equilib rium equations,
while ensuring that charge is shared amongst the part icipating nodes. The second term focuses on creation
of the desired shape. The thi rd term favors alignment of the structureÕsprincipal axeswith the Hill frame.
This promotes the satisfaction of Eq. 7 sincetheseare necessary condition s for static equili brium. Alth ough
the Debye length shielding is consideredin the residuals, its e!ect is usually relati vely small as long as the
distancesbetween craft are with in 1 Debye length.

The center of mass constraint, ÷pcm = 0 is enforced directl y through the selection of free optimization
parameters. Rather arbitr arily, the N th nodeÕs position vector, ÷pN is not allowed to be free, but is instead
computed to enforce the constr aint. In general the optimization problem can be stated as: Þnd the 4N " 3
parameters ( ÷pi , i = 1 . . . N " 1 and ÷Vi , i = 1 . . . N ) such that Eq. 10 is minimized.

IV. Exampl e

The shape goal is to create a structure that when projected onto the y " z Hill frame, forms an equilateral
tri angle. It should be noted that the nodes of the equilateral tr iangle need not lie in this plane, but asviewed
from Earth, one would seethe desired equilateral trian gle shape. The minimum number of nodes is 3, with
the total number of node assets chosen as N = 5. Since the center of massconstraint is satisÞed directly,
there are 17 free parameters - the position vectors of nodes1-4 and the voltages of all 5 nodes.

The cost funct ion, with the shape goal functi on S speciÞedis given in Eq. 12

J =




max

∣∣∣ ÷Vi

∣∣∣

min
∣∣∣ ÷Vi

∣∣∣




5∑

i =1

|÷r i | + w1

{ ∣∣∣Proj ŷ ,ẑ ( ÷p2 " ÷p1) " ÷Lp

∣∣∣ +

∣∣∣Proj ŷ ,ẑ ( ÷p2 " ÷p3) " ÷Lp

∣∣∣ +
∣∣∣Proj ŷ ,ẑ ( ÷p3 " ÷p1) " ÷Lp

∣∣∣
}

+

w2

{
|Ixy | + |Ixz | + |Iyz |

}

(12)

where ÷Lp is the normalized equilateral side length. The penalty function weights, w1 and w2 were both
chosen as 10.0 throughout the remainder of the example.

The solution for M = 1 and ÷Lp = 0.5 is used to illustr ate a typical solved structure shape. The
nondimensional node chargesare shown in Table 2.

Node ÷Vi

1 1.2840
2 -0.7583
3 -0.7583
4 0.8841
5 1.6398

T ab le 2. Non dimension al
no de vol tages for a 5 no de
st ru cture, with M = 1 and
the no nd im ensional, equ i -
la ter al t ria ngle separ at io n
dista ce of L̃ p = 0.5.

A view from Earth and a perspective view are given in Figure 3 and Fig-
ure 4. The color bar is the nondimensional voltage magnitu de as a percent of
the maximum normalized voltage, ÷Vmax = 1.6398. Since the nondimensional
separation distance was set to 0.5 and M = 1, the actual equilateral trian gle
separation distance (between craft 1,2,3) in meters is

Lp = .5λd (13)

Thus, a family of solutions has been created for any altitu de dependent Debye
length where at higher altitu desthe tri angle side length becomeslarger.

Charge/shape solutions were obtained for several values of M . Table 3
shows the results of converting nondimensional, maximum node voltagesback
to tru evoltagesfor a variety of altitu des, Debye lengths, and equilateral trian gle
separation distances. This il lustrat es that to obtain ÔreasonableÕequilateral
node separation distances, the structure should exploit the largeDebye lengths
at GEO. If node voltages must stay in the 10,000 volt range, then equilateral separation distances of about
10 meters are feasible.

Figure 5 Shows the maximum tr ue node voltage as a funct ion of both Debye length and the Lp/λd rati o.
The absolute voltage levelscan be extracted from the log scale color bar at the right of the plot. For example,
for a λd = 50meters,and an Lp = 50meters, themaximum voltage is approximately Vma x = 105.4 = 250, 000
volts. Figure 5 shows that node voltagerequirements increase faster, with increasing equilat eral separation
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Figu re 3. 5 no de struct u re - p ersp ectiv e view. The str ucture cent er of ma ss is shown as a sma ll blue sph er e,
bu t of course, has no volt age associa ted wit h i t.

Figu re 4. 5 node st ruct u re - v iew fro m Ea rth. The st ru cture cent er of mass is shown as a small b lue sph er e,
bu t of course, has no volt age associa ted wit h i t.
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Alti tude (km) λd (m) Lp (m) Vma x

300 .01 .005 2.50
.01 10.5
.02 60.9

10000 .05 .025 7.30
.05 30.5
.1 177

35800 20 10 14,100
20 59,000
40 343,000

50 12 16,100
25 55,700
50 233,000

T ab le 3. T r ue no de volt ages for a variet y of alti tu des, Deb ye lengths, and equila tera l t ria ngle separat ion
dista nces.

distance rat io, when the Debye length is larger. This is because the inverse square separation distance
voltage e!ec t is quite signiÞcant at large absolute node separation distances such as occur in the upper
right quadrant (HEO structures with large node separation, 100-200m). The lower right quadrant (HEO
structures with small separation, 10 m) require relativ ely small voltages compared to what is possible with
very litt le power consumption.8

V. Conclus ions

A method has been presented for generating Coulomb structures with a speciÞed shape. Due to the
equation normalization, famili es of solutions can be inferred from a single optimization result. From a
pract ical perspective, the node voltages become excessive when node separations are more than 0.3-1.0
Debye lengths, depending on the actual Debye length value. At GEO, th is is roughly 10 meters. Futur e
work wil l focus on creating larger structuresusing more node assets. This should result in a denser ÔpackingÕ
of the nodes, allowing higher forces with smaller charges,and thus larger overall structures.
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