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Single Degree of Freedom Damped Free Vibration Single Degree of Freedom Damped Free Vibration 
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Viscous Damping Element (Dashpot)
• Damping Force is Linear and Proportional to Velocity.

C is the viscous damping 
coefficient
units: N-sec/m or lbf-sec/ft
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Maintain Dynamic Equilibrium

At rest, X= 0 (static equilibrium)
mg = kδ
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Maintain Dynamic Equilibrium

Apply Newton’s 2nd Law

∑ = xmF &&

xmxc)kkx(mg &&& =−δ+−

∑ =+↓ xmFx &&

0=++ kxxcxm &&&Equation of motion
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2nd order Differential equation
homogeneous

Constant coefficients
linear

Form of solution:

( ) sin( )   or  ( ) stx t X t x t Ceω= +Φ =

Equation of motion 0=++ kxxcxm &&&
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stCe)t(x  Assume =
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0=++2 ststst kCescCeCems

0=++2 stCe)kcsms(

0=++2 kcsms
solutiontrivial-nonafor 

Equation of motion 0=++ kxxcxm &&&
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0=++2 kcsms
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mkc
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1 2

( )  
i f  s  a n d  s  a r e  n o t  e q u a l

s t s tx t C e C e= +

C1 and C2 are determined from initial conditions

Equation of motion 0=++ kxxcxm &&&
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0=4−2 mkc

cCkmc
:cfor  Solving

=2= Cc =  critical damping

Consider a case when, 
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frequency natural 
m
k
:Define

n ==ω

ratio damping   
C
c

c

==ζ

nns ωζζω )1( 2
2,1 −±−=
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Case 1:  ζ < 1  Under damped (Complex conjugate roots)

nns ωζζω )1( 2
2,1 −±−=

nn js ωζζω )1( 2
2,1 −±−=

frequency natural damped )1(

:Define
2 =−= nd ωζω

dn, js ω±ζω−=21
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Case 1:  ζ < 1  Under damped (Complex conjugate roots)

tsts eCeC)t(x 21

21 +=
( ) ( )tjtj dndn eCeC)t(x ω−ζω−

2
ω+ζω−

1 +=

( ) ( cos sin )nt
d dx t e A t B tζω ω ω−= +

This simplifies to:

where A & B are arbitrary constants to be found from initial conditions
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Case 1:  ζ < 1  Under damped (Plot of x(t) vs. time)
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( ) ( cos sin )n t
d dx t e A t B tζω ω ω−= +
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Case 2:  ζ =1  Critically damped (Real equal roots)

1 ns ω= −

1 2
1 2( )   ors t s tx t C e C te= +

1,2 ns ζω= −

2 ns ω= −

1 2( ) ( ) ntx t C C t e ω−= +
C1 and C2 are constants to be found from initial conditions
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Case 2:  ζ =1  Critically damped (Real equal roots)
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Case 3:  ζ > 1  Over-damped (Real unequal roots)

2
1 ( 1)n ns ζω ζ ω= − + −

1 2
1 2( ) s t s tx t C e C e= +

nns ωζζω )1( 2
2,1 −±−=

2
2 ( 1)n ns ζω ζ ω= − − −
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Case 3:  ζ > 1  Over-damped (Real unequal roots)

1 2
1 2( ) s t s tx t C e C e= +

ζ > 1
ζ = 1 ζ < 1
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Review
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Maintain Dynamic Equilibrium

At rest, X= 0 (static equilibrium)

M

K

X
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mg

δ+ kkx

m X

Free Body Diagram

xc&

0=++ kxxcxm &&&
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Case 3:  ζ > 1  Over-damped (Real unequal roots)

1 2
1 2( ) s t s tx t C e C e= +

Case 2:  ζ =1  Critically damped (Real equal roots)

1 2( ) ( ) ntx t C C t e ζω−= +

Case 1:  ζ < 1  Under-damped (Complex conjugate roots)

( ) ( cos sin ) nt
d dx t e A t B tζω ω ω−= +

nns ωζζω )1( 2
2,1 −±−=

( )( )
2 2 1

( ) sin

  and  = tan /

nt
dx t e X t

where X A B A B

ζω ω φ

φ

−

−

= +

= +

Or alternatively, we can also write
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Free Vibration Response:  SDOF with Damping
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0.001 0.05ζ≤ ≤Damping ratio (for many structural 
materials)

*100%ζ% critical damping

0.1% 5%ζ≤ ≤
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Case 1:  ζ < 1  Under damped (Complex conjugate roots)

)tsinBtcosA(e)t(x dd
tn ω+ω= ζω−
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)tsinBtcosA(e)t(x dd
tn ω+ω= ζω−

Determine A, and B from the given initial Conditions, x(0)  and

( ) ( )0(0) ( cos 0 sin 0 )n
d dx e A Bζω ω ω−= +

1 01

A)(x =0

(0)x&
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)tcosBtsin)(x(e             
)tsinBtcos)(x(e)t(x

dddd
t

dd
t

n

n

n

ωω+ω0ω−+
ω+ω0ζω−=

ζω−

ζω−&

( ) ( )
( ) ( )

0(0) ( (0)cos 0 sin 0 )

             ( (0)sin 0 cos 0 )

n

n

n d d

t
d d d d

x e x B

e x B

ζω

ζω

ζω ω ω

ω ω ω ω

−

−

= − +

+ − +

&

B )(x)(x dn ω+0ζω−=0&
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)tsin)(x)(x            
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0=++ kxxcxm &&&

 natural frequencyn
k
m

ω = = ratio damping   
C
c

c

==ζ

0

0

mx cx kx
c kx x x
m m

+ + =

+ + =

&& &

&& &

22 0n nx x xζω ω+ + =&& &

Alternate form of Equation of motion


