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Single Degree of Freedom Free Vibration

Key Points:
* System is un-damped

k * No external forces
* Only vertical motion

ol o

Given some initial conditions, Determine the resulting motion
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Free Bocy Diagram: Static Case

ko

X

At rest, x = 0 (static equilibrium)
mg

mg = ko
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Free Body Diagram: Dynamiec Equilibrium

Maintains Dynamic

EEsssmmms /Equilibrium
kx+kd
k
X
X
mg

Note: x is measured from the static equilibrium position.
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Free Body Diagram: Dynamiec Case
Free Body Diagram
Apply Newton’s 2nd Law

> F=mX
= —JX Zin«Jr:mX

| e mg — (kx + ko) = mX

Equation of motion (EOM) mX + kX = O

kx + ko
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Equation of motion | 1NX + kX = O

2nd order Differential equation
homogeneous
linear
constant coefficients
) x(t)=X sin(ot + D)
Forms of solution:
x(t)=X cos(wt - O)

x(t)=Ce® ---We will use this form
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Equation of motion mx + kX = O

x(t) =sCe"
X(t)=s’Ce"

Assume x(t) = Ce*

ms?Cet + kCe™ =0

(ms? +k)Ce* =0
for a non - trivial solution

ms?+k=0
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Equation of motion

mX + kx =0

ms® +k=0 Si, .
m

— st St
x(t)=Ce" +C,e

[k,

[k ]
x(t) = clejﬁ +Ce'm

C, and C, are arbitrary constants to be determined from initial conditions

MEEM 3700 8of 16

Lecture 3-SDOF Undamped
EOM




k

[ERech
.|k |k
X(t)=CleJ\/; R L)

Recall Euler’s identity: ¢’ =cos(0)+jsin(0)

X(t):Cl[OOS\/FI +j sin\/kitJ +C2(oos\/k7t - Sin\/kit]
k. . .k
x(t) = (C, +C,) cos ,|—t +j (C, -C,)sin ,|—t
m m
k . k A & B are always real
X(t) = Acos | —t +Bsin | —t] SR,
m m
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x(t) = A cos ‘/Et + B sin ,fkt
m m

case 1: imaginary roots
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x(t) = A cos ((ont) +B sin((ont)

f:l
T

= natural frequency (cycles , Or sz
sec

x(t) = A cos (2xf,t) + B sin(2nft)
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x(0)
x(0)

x(t) = A cos(,t) + B sin(w,t)

A and B are determined from the Initial Conditions

x(0)=A co%/O/ )+B SW x(0)=A

X(t)=- o, Asin(o,t) +o, Bcos(o,t)
0
X(O)Z-myé\/(o) +o, B(1) X0) g
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x(t) = A cos(w,t) + B sin(w,t)

x(t) = x(0) cos(cont) (—) sm(co t)
)

n

??fﬁi AN
DI
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Harmonic Motion

Different forms of the same solution:

X(t)=X cos(a)nt —¢)

X -W-Jx(o)z {X(O)T 4= tan” [Xxﬂ]

Amplitude
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Harmonie Motion

Different forms of the same solution:

X(t) = X sin(a@,t +¢)

2

0 0
x A 1B = |x(0y +| 2O ¢:m_l(x(_ )wn]

a)n \
\ Phase

Amplitude
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Torsional System: SDOF

s o

f T Equation of Motion:

JO+k0=0
QLS ( /a, Solution Form:
S g(=Acos(w,t)+Bsin (o, )
A Hoen, - % _ 2%  natural frequency (radise

Equation of Motion: mX+k x=0

Compare with Translatory System
x(t)=Acos (w,t)+Bsin(w,t)

Solution Form:
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