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2 DOF Forced Vibration

Given a 2-degree of freedom system with no damping the equations of
motion in matrix form can be generalized as:

R L Mt
0 m22 XZ k21 k22 XZ f2
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2 DOF Forced Vibration

Assuming harmonic forcing functions of the form:

[1/[g s

The solution (motion of x, and x,) will be of the form:

ef= i nten
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2 DOF Forced Vibration: Solution

Substituting into the equation of motion:

0 k, Kk X F
(—a){m“ }{ H 12D{ 1}sin(a)t):{ l}sin(a)t)
0 M, k21 kzz X, F,
and simplifying
[_a)z{mn 0 j|+|:kll k1zD{x1}={F1}
0 m, k21 kzz X, F,
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2 DOF Forced Vibration: Impedance Matrix

pelECl M

0 m,
2
[Z (a))]:{kn_w My, K }
2
Ky Ky, —0"m,,
Where [ Z ()] is called the system or impedance matrix.

X
Then the response {Xl} can be solved for as:

2

o bzer{E [z<w>]‘1=%
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Linear Algebra Review: Matrix Operations

4 adjoint[A]
Inverse of A === [A] :det—[A]

adjoint [ A] = transpose of cofactor [ A]

cofactors = + minor determinants

al,—a, —a, +(a22a33 _a23a32)
[Al=]| 2, a, a; cof [A]=| —(a,a, — a2, )
Ay Ap Ay
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2 DOF Forced Vibration: Impedance Matrix

The inverse of the impedance matrix is written as:

{kzz -’ m,, —k,, :|

—kKy, Ky _a)zmll
(kll - a)zmll)(kZZ —om,, ) _(k12k21)

[2(w)]"=

1

X
Then the response {X } can be solved for as:

2

e )
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2 DOF Forced Vibration: Impedance Matrix

Therefore each response can be written as:

(kzz _a)zmzz) F-k,F,
(kll _a)zmll)(kZZ _wzmzz)_(klzkzl)

X, =

(kll _a)zmll) F, -k, F
(kll _a)zmn)(kzz _a)zmzz)_(klzku)

X, =
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2 DOF Forced Vibration: FRF Matrix
Define [H (w)]:[z(a,)]’l

as the Frequency Response Function Matrix

beptrenE -l i

Therefore each response can be written as:
X, = hllFl + hlez

Xz = h21F1 + h22F2
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2 DOF Forced Vibration: FRF

The individual FRF’s are defined as:

X h, = ky, —@’my,

F ' (ku_wzmn)(kzz _wszZ)_(kRkZl)
L =h, = e

F, (kn_wzmn)(kzz _wzmzz)_(klzkm)
& - h21 — _k21

R (kn_a)znh)(kzz _wzmzz)_(klzkn)
X, _ h,, = ky —@’my,

K (kn_a)zmu)(kzz _a)zmzz)_(kukn)
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2 DOF Forced Vibration: Damping

If damping is considered the equations of motion become:
[mn 0 Hxl}{c cHxl}{k kal}:{f}
O m22 XZ C21 CZZ XZ k21 k22 X2 f2

And if the forcing functions are harmonic functions (as before) the solution is:

_wz{mu 0 }_i_ja{cn Clz]i{ku k12:| {Xl}:{ﬁ}
0 m, Cu Cn Ky Ky X, F,
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2 DOF Forced Vibration: FRF w/ Damping
k k m 0 C, C
Define: | Z(w)|=| 12}_@2{ 11 }+]a){ 11 12}
I: ( )] {kﬂ Ky, 0 m, Cy G,

Where [ Z()] is called the system or impedance matrix.

X
Then the response { 1} can be solved for as:

2

e )

Where [Z (a)):| :[H (a))] is the Frequency Response Function Matrix
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2 DOF Forced Vibration: FRF w/ Damping

The FRF matrix can be written as: ~ adj I:Z (a))]

H (@)= G Z (o)

|:kzz _a)zmzz + joc,, _( jeocy, + klz) :|
[H(a))]: —(ja)C21+k21) ky, —@’m, + joc,
(kn _(ozmu + ja)cn)(kzz — My, + ja)sz)—( jac,, + k12)( jacy, + kz1)

Therefore each response can be written as:
X, = hllFl + hlez
X, = h21F1 + hzze
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2 DOF Forced Vibratio

n: FRF w/ Damping

The individual FRF’s are defined as:

) .
(kzz —@ mzz)"’ Jarcy,

X
—=h = , .
R ' (k11_(02m11)(k22_wzmzz)_(lwcu+k12)(JwC21+k21)
ﬁ_hl — —(k12+ja)C12)
=0, = - -
F, (k11 _a)zmu)(kzz _wzmzz)_( JaC, + klz)( Jat, + k21)
&_h - _(k21+ja)c21)
=0y = - :
F (kn _wzmu)(kzz _wzmzz) _( Joty, + k12)( JarCy + k21)
&zh _ (kn_a)2m11)+ja)c11
F “ (ku_wzmn)(kzz_a)zmzz)_(ja)clz+k12)(jwczl+k21)
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